Cohomology and extensions of inverse semigroups  by Sribala, S
JOURNAL OF ALGEBRA 47, 1-17 (1977) 
Cohomology and Extensions of Inverse Semigroups 
S. SRIBALA 
The Ramanujan Institute for Advanced Study in Mathematics, 
University of Madras, Wallajah Road, Madras 600005 India 
Communicated by G. B. Preston 
Received February 1 I, 1975 
The concept of idempotent separating extensions of inverse semigroups was 
studied by D’Alarcao [2], and a cohomological interpretation was given by 
Lausch [5]. Our definition of extension is a particular case of D’Alarcao’s 
definition. In this paper, we define a e-extension of a semilattice of Abelian 
groups A by a semilattice of groups B, and we introduce a multiplication in 
the set Ext (B, A) of equivalence classes of e-extensions of A by B, similar to 
the Baer multiplication in the case of group extensions. We show, in Section 1, 
that Ext (B, A) is an Abelian group. Section 2 deals with the functorial properties 
of Ext (-, -). In Section 3, we prove that the one-to-one correspondence 
between Ext (B, A) and Hil(A”) established in [5] is a natural isomorphism. We 
refer to [l] for all information about inverse semigroups. 
The author first introduced a cohomology theory for semilattices of Abelian 
groups, analogous to that developed by Eilenberg and MacLane for groups [3] 
and obtained the natural isomorphism between the group of extension and the 
second cohomology group. She wants to thank Professor G. B. Preston, who 
informed her of Lausch’s results [5] and suggested the present revised version. 
1. THE GROUP Ext(B, A) 
We first briefly recall the results of D’Alarcao [2]. Let A, B be inverse semi- 
groups with E(A) and E(B) as their semilattices of idempotents. By an idem- 
potent separating extension (S, j) of A by B we mean the exact sequence 
A +i S -+j B, where S is an inverse semigroup, i is a monomorphism, and j is 
an epimorphism. We identify A with its image in S. 
Let j: A - E(B) C B be an idempotent separating homomorphism of A onto 
E(B). Suppose that with b E B there are associated mappings U, and V, of A 
into A and with each pair (b, c) E B x B is associated an element f(b, c) E A 
such that j(f(b, c)) = c-lb-lbc satisfying the following conditions: 
1 
Copyright 0 1977 by Academic Press, Inc. 
All rights of reproduction in any form reserved. ISSN 0021-8693 
2 S. SRIBALA 
i(u 
(Pl) U, and V, are endomorphisms of A, and if j(u) = 6-3, then 
‘c(a)) = c-lb-‘bc and j( V,(a)) = cb-lbc. 
(P2) If j(u) = b-lb, f or Q E 4 then Ubc(V&4f(b, c) = f(h 4 U,(u). 
P3) UbCWf(b, 4 = f(b, 4 UC(Ub(U)). 
P4) f(bc, d)(U,(f(b, 4) = f(h cd)f(c, d) Vb, c, d E B. 
(P5) (i) If j(u) = b-lb, then U,(u) = a. 
(ii) If j(a) = b-lb, then U,(V,(u)) = a. 
(iii) (M-l, b) = e E E(A), where j(e) = b-lb. 
(iv) If b2 = b = j(e), then Ub(u) = ea. 
(v) f(bb-l, cc-l) = eg, wherej(e) = bb-l, j(g) = cc-l. 
THEOREM A (D’Alarcao). Let j: A + E(B) C B, U,, , V, , and let f(b, c) be 
giwen us above. Then the set S,* = {(b, a) E B x A/ j(u) = b-lb} is an inverse 
semigroup under the multiplication given by 
(4 a)(~> 4 = (bc,f(b, c) u&b’). 
If the maps i: A + S,* and j,*: S,* -+ B ure defined by i(u) = (j(u), a) and 
j,*(b, a) = b, respectively, then (Sf*, j,*) is an idempotent separating extension 
ofAbyB. 
THEOREM B (D’Alarcao). Let (S, j) b e an idempotent separating extension of 
A by B. Then with each b E B there are associated mappings U, and V, of A into A 
and with each pair (b, c) E B x B there is associated un elementf (b, c) E A satisfying 
conditions (Pl)-(P5) such that if (St*, jf*) is us in Theorem A, then S and S,* are 
isomorphic. 
Sketch of proof. Fix a transversal p of B in S (i.e., a map p: B -+ S such that 
pj = id, and p(E(B)) C E(S) = E(A)). Denote p(b) by sb . Let U,,(u) = s;%s,, 
and V,(a) = +,a$. If b, c E B, then sbsc E: j-l(bc) and so 
SbSc = Sbcf(b, C>, where f(b, c) E A, j(f(b, c) = c-lb-lbc. 
Clearly f (b, c) is uniquely determined by the transversal p. Then conditions 
(Pl)-(P5) are satisfied. The isomorphism +: S---f S,* is given by d(s) = (b, a), 
where j(s) = b, s = sbu, and 4 o j,* = j. 
Remark. If ,?i is another transversal of B in S, given by p(b) = tb , and if 
ub Y vb , and g(b, c) are associated with p, then we can find, for each b E B, an 
element xb E A such that j(xb) = b-‘b and sb = tbxb . Hence we have xbcf (b, c) = 
Ah C) t-ic(xb)xc . Further, the two extensions (ST*, jr*) and (&,*, j,*) constructed 
as in Theorem A are isomorphic, the isomorphism being given by $: (b, u) + 
(b, x-la). 
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We are interested in those extensions (S,j) which contain A in their center. 
In such a case B is also a semilattice of groups. In the sequel, let A be a semi- 
lattice of Abelian groups and let B be a semilattice of groups such that E(A) and 
E(B) are isomorphic. Let 8 denote this isomorphism of E(B) onto E(A). 
DEFINITION 1.1[5]. A, together with a map A x B -+ A denoted by 
(a, b) -+ ab is said to be a B-module if 
(i) (w@ = (~lb)(~zb), Vu1 , a2 5 A, b E B, 
(ii) a(&) = (ub,)b, , Vu E A, b, , b, G B, 
(iii) ae = ue8, Vu E A, e E E(B), 
(iv) (e19)b = (b-l eb)O, Ve E E(B), b E B. 
DEFINITION 1.2. We call a B-module A a canonical B-module if 
ub = u(b-lb) (==a(b-lb)O), VUEA, b E B. 
DEFINITION 1.3. We call an extension (S,j) of A by B a O-extension if 
(i) A is contained in the center of S and 
(4 (i IEd1 = 0. 
It follows that the semilattice E(S) of S is E(A), which is contained in the 
center of S and S is also a semilattice of groups. 
Remark. In the case of O-extensions, the homomorphisms Ub and V,, of A 
coincide with the homomorphism 7 ,,: a -+ u(b-lb)O. In the sequel we denote by 
ab the element Tb(a) = u(b-lb)8. Thus a O-extension induces a canonical 
B-module structure on A. In fact, O-extensions of A by B are precisely those 
which induce the canonical B-module structure on A. 
COROLLARY 1.4. The extension (Sf*, j,*) of A by B constructed us in Theorem A 
is a &extension if and only if 
f (b, 4 = f h 4 Vb E B, e E E(B). 
Proof. (Sr*, j,*) is a O-extension 
* Q(b, u) E S,*, (e, al) E A C Sf*, 
we have 
(b, a>(e, 4 = (e, al)(b, a) 
-j be = eb, f (b, e) ae u1 =.f(e, b)ulba 
-f (b, e> = f (e, b), Qb E B, e E E(B). 
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DEFINITION 1.5. Let A be a B-module. A factor set of B in A is a mapping 
f: B x B + A satisfying 
(i) f (b, c)-If@, c) = (c-~~-VJC)B, 
(ii) fh ,4 = (w& 
(iii) f (b, c)d. f (bc, d) = f (b, cd) f (c, d), Vb, c, d E B. 
A factor set f is called a principal factor set if there exists a map CC B + A 
such that al(b)%(b) = (b-l6)0, a(e) = et9, and f (b, c) = a(6)c a(bc)-1 a(c). Two 
factor sets f and g are said to be equivalent if the map h: B x B + A given by 
h(k) = f(b, c) g(b, c)-l is a principal factor set. 
LEMMA 1.6. Let A be a canonical B-module and Let f be a factor set of B in A. 
Then f (b, e) = f(e, b) Vb E B, e E E(B). 
Proof. Since f is a factor set we have 
f (6, c)-lf(b, c) = (c-V-%)6 
and 
f(4 4 df(k 4 = f (h 4f (c, 4, Qb,c,dEB. 
Put b = c = e = d-ld. Then 
f(e, e) df (e, 4 = f (e, ed)f (e, 4. 
Since A is a canonical B-module, we have ab = a(b-%)O. In the above equation 
every element belongs to A, and so 
f(e, 4 = .f(e, 4 
Put c = d = e = b-lb. Then 
Vd E B, e = d-Id. 
f (b, e)e f(be, e) = f(b, e) f(e, e) 
=> f(k 4 = f (e, e), V’b E B, b-9 = e. 
From (1) and (2) we have 
f (be, e) = f (e, e) = f (e, eb), Vb E B, bF6 = e. 
Put c = d = e and let b be arbitrary with b-lb = g. Then 
f Uh e) ef@e, e) = f (6 e)f (e, e) 
* f (b, e) eef (be, e) = f (4 e)f (e, e) 
* f(k e) = f (e, e)(egP, V’b E B, e E E(B), b-lb = g. 
(1) 
(2) 
(3) 
(4) 
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Put b = c = e and take d arbitrary with d-ld = g. Then 
fk, 4 4% 4 = f(e, ed)f(e, 4, 
f(e, e)gef(e, 4 = f(e, edIf@, 4, 
f(e, 4 = f(e, e)(egN Vd E B, e E E(B), d-Id = g. (5) 
From (4) and (5) we have 
f(be, 4 = f(e, eb) = f(e, e)(eg)R Vb E B, e E E(B), b-lb = g. (6) 
Put b = d = e and let c be arbitrary with c-rc = g. Then 
f(e, c) ef(e, 4 = .f(ec, elf@, e) 
* f(e, 4 ef(e, e)(eg>e = f(c, 4 f(e, e>(eg)e 
3 f(e, 4 = f(c, 4, Vc E B, e E E(B). 
(from (6)), 
Remark. With any e-extension is associated a factor set, and any two factor 
sets associated with a e-extension are equivalent. Conversely, given a factor set 
f of a canonical B-module A we can construct a e-extension as in Theorem A. 
DEFINITION 1.7. Two B-extensions (S, , jr) and (S, , j,) are said to be 
equivalent and are written (S, , jr) E (S, , j,) if there exists a homomorphism 
4: S, - S, making the diagram 
commutative, where A + Si (i = 1, 2) are inclusion maps. The relation E 
is an equivalence relation. 
COROLLARY 1.8, Let (S, j) be a B-extension and let f be a factor set associated 
with it. Then (S, j) and (Sy*, j,*) are equivalent. 
Moreover we have 
THEOREM 1.9. Let (S, , jl) and (S, , j,) be two O-extensions and let f and g 
be factor sets associated with them. Then (S, , j,) E (S, , j,) if and only iff andg are 
equivalent. 
Proof. It is enough to prove that (Sf*, jf*) = (Ss*, j,*) and the theorem 
follows from Corollary 1.8. Suppose that (Sf*, jf*) 3 (S8*, j,*) so that there is 
a homomorphism 4: S,* -+ S,* with 4 IA = idA and + 0 j,* = j,*. Let $(b, ef?) = 
(b, a(b)). Then m(b) is uniquely determined and we have (b, a) = (b, eO)(e, a) and 
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9% a) = M, ee> 4(e, a) = (6, c@))(e, a>= (6, @)a). If(6, a), (c, a’) E Sf*, we 
have +((b, a)(~, u)) = 4(bc, f(b, c)ucu’)) = (bc, ar(bc)f(b, c) ucu’) and 
#(b, 4 NC, 4 = (6 4@)(c, 4cb’) = (bc, g(b, c)(qJ)a) c@q. 
Since 4 is a homomorphism we have 
+Jc)f(k c) = g(b, c) a(b) c&>, 
and the two factor sets are equivalent. 
Conversely, suppose that the two factor setsfandg are equivalent so that there 
is a map 01: B + A such that @c)f(b, c) = g(b, c) or(b) cm(c). Define a map 
d: St * --f S,* by #(b, a) = (b, ar(b)u). Clearly 4 is well defined and $ IA = idA . 
The equivalence relation shows that 4 is a homomorphism. Further + ojB* = j,*. 
Hence (Sf*,jf*) = (S8*,jU*). 
It now follows that there is a (1-I) correspondence between the set of 
equivalence classes of factor sets of B in a canonical B-module A and the set 
Ext (B, A) of equivalence classes of &extensions. We proceed to define a binary 
operation in Ext (B, A), making it a group. 
Let (S, , jr) and (S, , j,) be two &extensions of A by B. The set S,, = 
I(% ,%> E Sl x S,/j(Sl) = a4 is an inverse semigroup under componentwise 
multiplication, and E(S,,) = {(es, ee)/e E E(B)), which is identified with E(A). 
Define j,,: S,, -+ B by j&s,, sa) = jr(s,) (=ja(sa)). j,, is unambiguously defined 
and is an idempotent separating homomorphism of S,, onto B with kernel 
A,,: {(al , a,) E A x A/jl(ul) = j2(u,)}. Let A d enote the inverse subsemigroup 
{(a, ~-‘)/a E Aj of S,, . Then, we have 
LEMMA 1.10. A is a kernel normal system in S,, . 
Proof. We have only to show that x-l&z C 2, VX E S,, . If x = (sr , sa), then 
(sl ) SJl (a, u-l)(s1 , s.J = (s;lus, ) sys2) 
= (asps1 , u-1s;1s2) (forA_Ccenterof&,i= 1,2) 
= (ad, a-W) E A. 
Let S, * S, denote the quotient &,/A. Since 2 _C A,, , j,, induces an idem- 
potent separating homomorphism jl * j, of S, * S, onto B whose kernel A,,/ii is 
isomorphic to A. The elements of S, * S, are denoted by [sr , sz], where 
[si , sa] = {(tl , tJ E Sl,/slt;l = a = (s&‘)-1 E A). An element a of A corre- 
sponds to the class [u, ee] = [ee, a], where u-la = et?. 
PROPOSITION 1.11. (S, * S, , j, * jJ is a t9 extension of A by B. 
Proof. The sequence A+i S, * S, -A*‘2 B is exact where i(u) = [a, et?], 
jr * j2([sl , +J) = jl(sl) and (j, Y j, &))-I = 0. If [sr , s2] E S, * S, and [a, ef?] E A, 
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then, [sr , sa][a, e@j = [~,a, s,eO] = [usr , e&J = [a, eel, [sr , sa] and so A is 
contained in the center of S, * S, . 
DEFINITION 1.12. We call the O-extension (S, * S, , jr * ja) the product of 
the &extensions (S, , jr) and (S, , jz). 
PROPOSITION 1.13. If (Si , ji) and (T, , ZJ (i = 1, 2) ure e-extelzsions such 
that (Si , ojf) E (T, , Zi) (i = 1, 2) then (S, * S, ,j, *j,) = (Tr * T,, Z, * ZJ. 
Proof. We have the following commutative diagrams indicating the equiv- 
alence of O-extensions: 
and 
idA 
I 41 1 1 
id, ; 
A- ll --+TT,--+B 
4 A---+$-B 
idA 
1 
$2 
1 1 
id, . 
12 A----+T,-----+B 
Consider the diagram 
jl*j, 
A&S,+-B 
idA 
1 +I2 1 1 
ids , 
‘1*h A&T,*T,-B 
where i is the inclusion map and $ra is defined by 
We shall show that $r2 is a homomorphism making the diagram commutative, 
which proves that 
(S, * S, , jl * j2> = (Tl * T2, 4 * 0 
4 12 is a well-defined map, for 
h , s2l = [Pl 9 P21 in S, * S, ; 
-s,Zpi in $(;=1,2) and Sl PY1 = (s,p,‘)-’ E A 
3 &(si) S’&(pi) in Ti (i = 1, 2) and Md A( PlF’ 
= (42b2) $2(~3>-’ E A 
* [$uSl), C2(s2>1 = MPA 42(P2)1 in Tl * T, . 
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+re is clearly a homomorphism. An element a E A is the class [a, ee] in S, * S, 
and Tl * T, , and so 
and so& IA = idA. Further, +r2 0 (Zr * 2.J = jr * ja . 
Thus the product * defines a binary operation in the set Ext (B, A), which is 
again denoted by the same symbol, *. 
PROPOSITION 1.14. (Ext (B, A), *) is a commutative semigroup. 
Proof. (1) * is associative: Let (Si , ji) (i = 1, 2, 3) be B-extensions of A by 
B. Let 
Tl = Sl * S, = {[sl , sz]/si E Si (i = 1, 2), jl(sl) = j,(s,)> 
andletp,: T,-tBbethemapp,=j,*j,.Let 
T2 = S, * S, = {[sz , s31/si E & (i = 2, 3), j2(sg) = .&(sJ) 
and let pz: T, -+ B be the map pz = 1, *j, . Then 
(Sl * &> * S, = Tl * & = {[b1 , 4, ~31/~~ E % (i = 1, 2, 3) PJS~ , ~,I~ =j& 
and p: Tl 4 S, --f B is given by 
PUN y4j ~1) = j&d 
Similarly, 
S, * 6% * $4 = S, * T, = Us1 , [G , ~111~ E & (i = 1, 2, 3) j&J = P&, , ~~1) 
and ii: S, * S, + B is given by 
ix% T h T %ll) = L(%>. 
Consider the following diagram: 
A - (S, * S,) * S, ---f---f B 
idA 
1 
A 
1 1 
ids , 
A - S, * (S, * S,) ’ +B 
where h is defined by h([[s, , s&a]) = [sr , [sa , .rJ]. 
Ifsi,p,ESi(i= 1,2,3),then 
Us1 , ~1, 4 = [[PI , P21, P31 in (4 * h> * S3 
*siSPpi in &(i= 1,2,3) and rs1 PPT 52 Pi’1 
= (s&-’ = a E A 
3 siSPpi in Si and SIP;1 = x, s2p,40 = x-l, 
s3p,l = u-l, 
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where 
x E A, x-lx = a-la = silsi = p,‘p, = e6, 
* siHpi in Si and Sl P? = xu, 
s2PZ = (XU)” a3 ) 
1 
sap;+ = u-l 
3 siPpi in Si and slp;l = xa, 
[s2p2, %P3Y = [@v, 4 
* [s1 9 1% , %I1 = [P, , [Pz 3 Pall in S, * (S, *:S,). 
Hence h is a well-defined map. It can easily be verified that X is a homomor- 
phism. If a g A is identified with [[a, eel, eO] in (S, * S,) * 5’s and with 
[a, [eO, eel] in S, * (S, t S,), then A(a) = a and h iA = id,. Further X o p = p. 
Hence ((S, * S,) * S’s, p) E (S, * (S, * Ss, p). 
(2) * is commutative: Consider the diagram 
A p---f s, * s, 
jl*& 
---+B 
where X is defined by X([sr , s,]) = [s s , si]. X is a homomorphism rendering the 
diagram commutative and so 
(Sl * s, > jl * j2) = w2 * Sl 7 j2 * il). 
We now describe the idempotents of Ext (B, A). The following proposition is 
analogous to [4, Theorem 3.11. 
PROPOSITION 1.15. A B-extension (S, j) of A by B represents an idempotent in 
the semigroup Ext (B, A) if and only if there exists a homomorphism I: B + S such 
that 1 oj = id, . 
Proof. Suppose 1: B + S is a homomorphism such that 10 j = id, . Define 
a homomorphism u: S -+ S * S by 
4s) = [ jl(s>, $1. 
If a E A, then u(a) = [jo Z(a), a] = [a-la, a] = a and so u 1 A = idA . 
u 0 j *j(s) = j * j[j 0 Z(s), s)] = j(s) = j 0 I 0 j(s). Thus (S, j) - (S * S, j *j). 
Conversely, suppose that (S, j) represents an idempotent in Ext (B, A) so 
that we have the following commutative diagram: 
idA 
I I id, .
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An element of S, t S, is the class [sr , ss], wherej(s,) = j(ss), so that ss = slur , 
for some a, E A a;%zl = s;fr and so [s 1 , s2] = [sl , ~,a,]. Hence, for s E S, 
u(s) = [Sl > ~,a,]. Sincej(s) = u oj *j(s) = j(sr), there is a’ E A, a’-‘a’ = s;‘sr 
such that sr = su’ and so U(S) = [su’, su’u,] = [s, sa], where a = u#. 
Define I: B + S by Z(b) = su, where s is such thatj(s) = b and U(S) = [sr , su]. 
Suppose Z(b) = slur as well, where j(s,) = b and u(sr) = [sr , ~~a,]. Then, there 
exists x E A, x-lx = s-ls such that sr = SX. Then [sr , slur] = u(sJ = U(W) = 
U(S) U(X) = [s, SU][X, x-lx] = [SX, sax-lx] = [sr , su], so that slur = su, and so 
I: B + S is well defined. If b E B, then Z(b) = su, wherej(s) = b, U(S) = [s, su], 
and 2 oj(b) = j(su) = j(s)j(u) = bb-lb = b, and so 2 oj = id, . Let b, , 6, E B, 
~,,%,~~4Sl,SZ, s E S be such that j(s,) = bi (i = 1,2),j(s) = b,b, , U(Q) = 
[si , siui] (i = 1, 2), and U(S) = [s, su]. Then Z(b,) = siui (z’ = 1,2) and Z(b,b,) = us. 
Since j(s) = j(srss), there exists x E A, such that X+X = sls and srss = SX. Then 
[s, su] = u(s) = u(slszx+) = u(sJ u(sz) u(x-1) = [Sl , s,u,][sz , s+z,][x-l, “W’] = 
[srss~-~, s~u~s~u~xx-~] = [s, s,u,s,u,]. Therefore su = sIulssu2 and Z is a homo- 
morphism. 
PROPOSITION 1.16. Any two B-extensions representing idempotents in Ext (B, A) 
are equivalent. 
Proof. Let (S, , jr) and (S, , j,) represent idempotents in Ext (B, A), so that 
there exist, by Proposition 1.15, homomorphisms Zc: B --+ Si (i = 1, 2) such that 
Zi aji = id, (i = 1, 2). Suppose s, E S, with jr(sr) = b. Then j,(s,) = b = Z1 0 j,(b) 
so that s1 = Z,(b) a for some a E A, U-~U = s;$ . Define u: S, - Ss by 
u(sl) = Z,(b)u if s1 = Z,(b)u. Clearly u is a homomorphism such that u IA = idA 
and u 0 ja = jr . Thus (S, , jr) 3 (S, , ja). 
Thus the semigroup Ext (B, A) has a unique idempotent element, and the 
next proposition shows that it is the identity element of Ext (B, A). 
PROPOSITION 1.17. The idempotent element in Ext (B, A) is the identity 
element. 
Proof. Let (T, 2) represent the idempotent element in Ext (B, A), so that by 
Proposition 2.15 there exists a homomorphism I: B + T such that Z 0 Z = id, . 
Let (S, j) be an arbitrary O-extension and (S * T, j * 2) be the product extension. 
Consider the map u: S + S * T defined by U(S) = [s, j 0 Z(s)]. Then u is a homo- 
morphism such that u IA = idA and u o (j * 1) = j. Hence (S, j) = (S * T, j * I). 
Thus Ext (B, A) is a commutative semigroup with identity. To prove that 
it is a group we require the following Proposition relating the factor sets of 
O-extensions and their products. 
PROPOSITION 1.18. Let (S, , j,) and (S, , jp) be two O-extensions of A by B 
and let fi and fi , respectivezy, be factor sets associated with these extensions. Let 
g be the factor set of B in A given by g(b, c) = f,(b, c) f,(b, c). Then, if (S,*, j,*) is 
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the O-extension constructed as in Theorem A, with g as factor set, we have 
(Sg*,jg*) = (S, * S, , j, * j.J. 
Proof. Clearly g is a factor set of B in A. Let (5’: , j<) and (SE, j<) be the 
&extensions constructed withf, andf, as factor sets. Then, (S, * S, ,jI *j,) = 
1.13) and so it suffices to prove that 
typical element of S: * S,* is a class 
(((b, ax), (b, a’x-l))/ j(a) = j(& = j(x) = 
b-*6}. Define a map u: ST1 * Sz + S,* by 
u([(b, a)@, a’)]) = (k aa’). 
If [(b, 4, (b, , a’)] = [(c, d), (c, d’)], then b = c, d = ax, d’ = a’x-l for some 
x E A with X+X = a-la, so that u([(b, d), (b, d’)]) = (b, dd’) = (b, au’) = 
u([(b, a), (b, a’)]). Hence u is well defined. If [(b, a), (b, a’)] and [(c, d), (c, d’)] E 
SX * Si*, , then 
u([(b, a), (6 a’)li(c, 4, Cc, 41) = Mbc, fdb, c)W, (bc,fdb, cb’W1) 
= (bc,f,(b, c) ucdf,(b, c) a’cd’) 
= (bc, f,(b, c) f,(b, c>(m’) cdd’). 
On the other hand, 
u(W, 4, (by 41) 4k 4 Cc, 41) 
= (b, aa’)(c, dd’) = (bc, g(b, c)(ua’) cdd’) = (bc,f,(b, c)f,(b, c)(aa’) dd’). 
Hence u is a homomorphism. Further, u 0 j,* = j; *jf*, and u IA = id,. Hence 
(Sg*j.ig*)(S,*, * Sz ,.i$ *.i:). 
Consequently we have the following corollaries. 
COROLLARY 1.19. If (Se*, jC*) is the O-extension constructed with the factor 
set E of B in A, where E(b, c) = (c-lb-lbc)O, then (Sa*, j<*) represents the identity 
element of Ext (B, A). 
COROLLARY 1.20. If (S, j) is a O-extension with f as a factor set and 
(S& , j&) is a O-extension with f-l us a factor set, where f-l(b, c) = f(b, c)-l, 
then (S yr Sf*, j *jr*) represents the identity element and so (S& , j,*-1) represents 
the inverse of the class containing (S, j). 
From the above discussions we conclude the following. 
THEOREM 1.21. Ext (B, A) is an Abelian group. 
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2. FUNCTORIAL PROPERTIES OF Ext(-,-) 
Let E be a semilattice of idempotents. Let S(E) denote the collection of all 
semilattices of groups B such that E(B) is isomorphic to E. Call this isomorphism 
0,: E(B) + E( ). If B, , B, belong to S(E), then Horn, (B, , B2) = (y: B, - B, 
idempotent separating homomorphic such that y 0 0, = 0, } is a group. Then 
S(E) with Horn, (B, , B,) as morphisms is a categky. Lkt Mod (E) be the 
category of all E-modules. For every A in Mod (E), let OA: E + E(A) be the 
isomorphism associated with the module structure. Every E-module A can be 
considered as a canonical B-module, for every B in S(E), by defining ab = 
a(b-%3,0,). Conversely any canonical B-module A for B in S(E) can be con- 
sidered as an E-module, by defining ae = a(eQl), Vu E A, e E E. If a: A + A’ is 
a morphism in Mod(E), and if A and A’ are considered as canonical B-modules 
then 01 is a B-homomorphism. If A in Mod (E) is a canonical B-module and if 
y: B’ -+ B is a morphism in S(E) then the canonical B’-module A and the 
induced B’-module A induced by y are B’-isomorphic. The induced B’-module 
structure on A is given by ab’ = a(b’y). If (S, j) is a O-extension of A by B, 
where A is in Mod (E) and B is in S(E), then (j / E)-l = O,S, . 
We now prove two lemmas, analogous to the case of groups (cf. [6]) which 
explain the functorial properties of Ext (-, -). 
LEMMA 2.1. Let (S, j) be a O-extension of A by B, where A belongs to Mod (E) 
and B belongs to S(E) and y: B’ -+ B be a morphism in S(E). Then there exists a 
O-extension (S’, j’) of A by B and a homomorphism /3: 5” -+ S such that the diagram 
., _I 
A Z S’ 3 B’ 
is commutative. Further, any two such extensions are equivalent. We denote the 
extension (S, j) by (Sy, jy). 
Proof. Consider the inverse semigroup S’ = {(s, b’) E S x B’/sj = b’r} 
under componentwise multiplication whose semilattice of idempotents 
((e0, , e&?)/e E E} is identified with E(A) by the map (eBA , e&t) + e0, . Then 
the maps i’ = A -+ s’, j: s’ -+ B’ and /?: s’ -+ S defined by 
ai’ = (a, (a-%2)0,-l&t), 
(s, b’) j’ = b’, and (s, b’)/3 = s, respectively, are homomorphisms such that 
j/3 = yj, i’/3 = idA , and Ker j’ = Im i’. Further, Im i’ identified with A is 
contained in the center of s’ and so (s’, j’) is a O-extension of A by B’. 
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Suppose (S,j) is any other such B-extension of A by B’, so that we have the 
commutative diagram 
A’-S i, B’ 
id 
1 
B 
1 i 
Y. 
A”S Li *B 
Define$:S+S’by 
$4 = ($7, iy). 
Then 4 is a homomorphism making the following diagram commutative: 
A”-S i > B’ 
id d 1 id . 
A 2 S’ ’ > B’ 
Hence (S’,j) = (S,j). 
LEMMA 2.2. Let (S,j) be a O-extension of A in Mod (E) by B in S(E). Let 
01: A --f A’ be a morphism in Mod (E). Then there exists a e-extension (S,f) of A’ 
by B and a homomorphism 8: S + s’ such that the diagram 
AiS i >B 
oi 
1 
B 
i 1 
id 
.I .I 
Al&S’ 3 >B 
is commutative. Moreover, any two such extensions are equivalent. We denote the 
extension (S,j,) by (or&‘, aj). 
Proof. Consider the inverse semigroup 
S = {(a’, s) E A’ x S/s-f8j1 = a’-la’&!} 
under componentwise multiplication. The subsemigroup A = ((a-la, a)/a E A} 
is a kernel normal system in S. Let S’ denote the quotient S/A. The elements of 
S are congruence classes of elements of S module 2, and the class containing 
the element (a’, s) is given by 
[a’, s] = {(u’a%, sa)/a E A, s-‘s = a-la = a’-‘a’O$O,}. 
The maps i’: A’ + S’,f; s’ + B defined by 
a’i’ = [a’, (u’%~‘)~-~] and [u’, s] j, = sj, 
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respectively, are homomorphisms such that (j 1 E(A))-1 = 13,0,? and Kerj’ = 
Im i’. Further, Im i’, identified with A’ is contained in the center of S’ and so 
(S’, j’) is a O-extension of A’ by B. Define the map p: S---f S’ by $3 = [(s-%)01, s]. 
Then p is the required homomorphism. 
If (S,j) is any other such &extension of A’ by B, then we have the commutative 
diagram 
a 
1 
B 
1 1 
id . 
A’i-S ’ +B 
Consider the diagram 
A’ i S j’ +B 
id 1 41 lid, 
- 
A’ I S i +B 
where $: S’ + S is defined by 
[a’, s]+ = s&z’. 
If [a,‘, sJ = [ua2’, sa], then a,’ = u2’u-%, s1 = s,u, where a E A, u-la = S-Q, 
and s&z,’ = (s~u)@~‘u-~~ = s&z8aaua’u-10r = s&za’. Thus 4 is well defined. 
Clearly 4 is a homomorphism making the above diagram commutative and so 
(s’,j’) 3 (S,j). 
LEMMA 2.3. Let 0~: A --+ A’ be u morphism in Mod (E) and let y: B’ + B be 
a morphism in S(E). If (S, j) is a O-extension of A by B then 
(4W, 4ir)) = ((4~~ (d)Y) 
Consider the diagram 
A’ ------+ a(Sy) oi(jY) B’ 
id 
1 
d 
1 1 
id . 
A’ - (C&J (oih + B’ 
By Lemmas 2.1 and 2.2, we have 
4%) = {[a’, (s, Ull a’ E A’, s E S, b’ E B’, sj = bry, s-lsor = a’+‘}. 
The maps il: A’ --t a( Sy), a( jy) : a( Sy) + B’ are given by 
u’i, = [a’, ((a’-‘u’)a, u’-‘u’8;;lee~)] 
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and 
[a’, (s, b’)] a(jy) = b’. 
Similarly, 
(cL!~)~ = (([a’, s], b’)/a’ E A’, s E S, b’ E B’, sj = b’y, S-%X = ~‘-~a’}, 
and the maps iz: A’ -+ (&)y and (aj)y: (c&)y -+ B’ are given by 
u’i, = ([a’, (a’-lu’)a], (u’%‘) e,!e,g 
and 
([a’, s], b’)(aj)y = b’. 
Then in the above diagram the rows are exact. Define 4: or(Sy) -+ (aS)y by 
([a’, (s, b’)]H = ([a’, 4 0 
Then + is homomorphism making the diagram commutative, and so (cu(sy), 
&Y)> z ((~9~~ (d4 
We reformulate the above lemmas in terms of the factor sets associated with the 
extensions. 
LEMMA 2.4. Let (S, j) be a B-extension of A by B and let f be a factor set 
associated with it. Let 01: A + A’ be a morphism in Mod (E) and y: B’ + B a 
morphism in S(E). Then the map fy: B’ x B’ --f A given by fy(b’, c’) = .f (b’y, c’y) 
is a factor set of B’ in A and the associated &extension (S,*, , jf*,) of A by B’ is 
equivalent to (Sy, jy). The map af: B x B + A’ dejined by af (b, c) = f (b, C)CI is 
a factor set of B in A’, and the associated O-extension (S,*, , j,$) is equivalent to 
(ccS, mj). Moreover, the map afy: B’ x B’ + A’ defined by afy(b’, c’) = 
(f(b’y, c’y))~r is a factor set of B’ in A’, and the associated O-extension (S&, , j&,) is 
equivalent to (ok, a( jy)). 
Proof. Let b -+ sb be a transversal in B in S defining the factor set f. It can 
easily be verified that fy, af, and afy are factor sets. Define a map 4: Sy + ST, 
by (sl , b’)# = (b’, a), where s = sbu and b’y = b. Then 4 is a homomorphism 
such that 4 IA = id, and jFY 0 + = jy, and so (Sy, jy) = (Sf*, , jg). 
Define a map $: CYS -+ S$ by ([a’, s])+ = (b, u’uol), where sj = b and s = sbu. 
Then # is a homomorphism such that # IA = idA and j,*, 0 # = aj, and so 
(as, 4) = (s,*, , j,*,). 
We can similarly prove the equivalence of (01(Sy), a( jy)) and (A’,*,,, j&J by 
defining a homomorphism 4: ol(Sy) --f A’&, , where [a’, (si , b’)]d = (b’, u’uor), 
where s = sbu, and bly = b. 
From these lemmas, we conclude 
THEOREM 2.5. Ext (-, -) is a functor from S(E) x Mod (E) to the category 
of Abeliun groups which is covuriunt in A and contruvuriunt in B. 
481/47/'-Z 
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If CC A + A’ is a morphism in Mod (E) and y 0 B’ + B is a morphism in 
S(E), then the homomorphism E(y, a): Ext (B, A) + Ext (B’, A’) is given by 
[(S,j)] E(r, CX) = [(ol(Sy), ol(jy))], where [(S,j)] denotes the element in Ext (B, A) 
represented by the &extension (S,j) of A by B. 
3. NATURAL ISOMORPHISM BETWEEN Ext AND Hz 
If A belongs to Mod (E) and B to S(E) and A is considered as a canonical 
B-module, then we can conclude from [5], that the association Hz: S(E) x 
Mod (E) + category of Abelian groups given by H2(B, A) = Hjl(AO) (cf. [5]), 
is a functor which is covariant in A and contravariant in B. If we consider the 
projective resolution [5], . . . , D,(B’) ---f*s D,(B’) -92 D,(B’) +so D,(B’) - Z 
of Z in Mod (B’), we have the induced sequence 
... + Horn&D,(S), A”) “L*, Hom,r(Di+,(S’), A”) 
... - and Hir(AO) = Ker &?+,/Im &*. 
Hence Ker S,* is just the group of all mappingsf: B x B -+ A satisfying the 
condition 
f(b, c) df(k 4 = f(b, cd)f(c, 4, ‘db,c,dEB. 
Im 6,” is the group of all mappings f: B x B 4 A such that there is a map 
g: B -+ A satisfyingf(b, c) = g(b) cg(bc)-lg(c). 
If 01: A --P A’ is a morphism in Mod (E) and y: B’ + B is a morphism in S(E), 
let H(y, a) denote the homomorphism H2(y, CX): H2(B, A) ---t H2(B’, A’). Denote 
by %,A , the map 
defined by 
N B,A: H2(B, A) ---f Ext (B, A) 
where [f ] is the cohomology class ContainingfEKer S,* . The above mapping is 
meaningful if we show that every f E Ker S,* is cohomologous to a factor set. 
Define g: B + A and fi: B x B -+ A by g(b) = f (6, b) and f,(b, c) = 
f (b, c)(g(b)c)-lg(bc) g(c)-‘. Then fi is a factor set and [f ] = [fJ in H2 (B, A). We 
also have that NR.* is a bijective map (cf. [5, Theorem 7.41). We now prove the 
following. 
THEOREM 3.1. Let A belong to Mod (E) and B to S(E) and consider A as a 
canonical B-module. Then H2(B, A) and Ext (B, A) are naturally isomorphic. 
Proof. NB,A is an isomorphism, for we have 
Nhd[f~l) = M% T i,*,)l = NJ%* %*, if* *A*)1 
= K%*, &*)I * IF%*, h*>l 
= Nm([f I) * Ndkl). 
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To prove that NB,A is natural, suppose that cl: A -+ A’ is a morphism in 
Mod (E) and y: B’ -+ B is a morphism in S(E). Then the following diagram is 
commutative. 
W(B, A) NB.A Ext(B, A) 
Jf(V@) 
1 -1 
E(V,ti) . 
H2(B’, A’) % Ext(B’, A’) 
In fact, iff is a factor set of B in A’, then 
WI WY, 4 NB,,A, = r44 NB’,A, = wa*,, 7GJl 
and 
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